
Hermitian and Skew Hermitian 
Matrices

Calculus

Important Questions (PYQ)

Transpose of Maiis

A=(6'5Y
A

=(23)
symmetric Matrix A: [--3]



A
=

C-) =A

A=A

symmetric Matrix
F

skew -symmetric Matrix.A =- A.
=

=

A = [0
- I IO

A= (- jv] = - (j
-) =- A



A'=- A
F

skew symmetricMati

I show that the Matrix B'AB is symmetric
or skew symmetric according ab

A is symmetric or skew symmetric

Proof A is symmetric

LB'AB)'EA,TOT



= B''B [i(B' =B]
= B'A B [fromD]

&B'ABS' FB'A
B

symmetric
CaseI A is skew-symmetric.

A= - A. - @
L'AB)'= B'A'LB's



= B'A'B

= B'EA) B (from @]

=- (B'ABS

LB'A B)' = - (B 'AB)
-

Hence B'AB is skew-symmetric

Conjugate Rixi+i-



E
=(yii I

Tranjugate atrix
-
=

A =(a+i
- 2")

A=[c++
Ao =(A =(zik- i



Is (E)' = c) justify your Answer

fee

Justification A = L Iti 3
1 - i - 3jIns(A)'F =( H 1+iI

L =(,i) -0



A =(+i,
YA

=

(c 1- j I
(F) = (; 3

I -1 +i

from0 f

(E)' = c)
Hence Proved



Hermitian Matrix

sware AO = A.
= skew hermitian

[ matrixA=14+
1ET O

=

A=-A

A: (nfsi
4 - 3 if a12 =4+ 3i
5

(x =4 - gi

LEY = (nsi
4 +bi) =Ac =4 +si

j a,2 = 2
aij = taji



hermitian ais= aji

bove that the necessary and sufficient
Condition for a matrix to be

hermitian is AP= A

Proof A is hermitian
-

aij=ji-D
Now A is non matrix.

.:A'is nxu matrix.



:. (F) is non matrix

.. is nxn matrix.

:. APA is of same type

Now (i,js
th
element of A = Complex Conjugate of

(ijs
the
element of Al

= Complex Conjugate of
ij, iyth element of A

= Complex Conjugate of aji



= Taji

= aij fromD
=

= (,jyth element of A

=> ("ist element of A = (i,jth element of A

I AO = A
F

PartI AO = A
-
~



Let A is mxn Matrix

A' is uxm Mat six

AP = (E) is uxm matrix

But AO =A.
:APP A is of same type.
.. nm.

= A is uxx speare matrix



AO: A

=) (i,j)
th
element of AP= (ijth element ofA

=>)Complex Conjugate of (iii)elment of Al
= (i,j/th element of A

=) Complex Conjugate of (s,i)M element of A

-> (i,jth element of A
⑤ji = aii



=) A is Hermitian

⑧ A and B are hermitian. Show that

AB+BA is hermitian and AB-BA

is skew-hermitian.

So 1. A and B are hermitian (Given
I

:. AO = A BOB. -O
-

LAB+BATO= LABSO+(BATO
= BOAO +APBO



= BA+ AB (fromDJ

= A B + BA

LAB+ BASO: A BTBA

:. AB+BA is hermitian

CAB-BATO: CABIO-LBASO
= BOAO- APBO

=BA-AB (fromO

= - CAB - BA)



CAB-BATO: - (AB-BA)

Hence AB-BA is skew-hermitian.
matrix.

a show that every share
materix can be

expressed in one and only one

way as a sum of a hermition

and a skew-hermitian matrix



So det A is a square matrix
F

A =
A+

= A +E +2-A
=(A +AY+ (A -x

A =P + O



p =t(A +A*

p = +(A + AY =(A8 + (AY0)

= I(A8 + A) = (A +A*)

O
= p.

p = P
w

= P is hermition



0 = t(A- AP

no = (A- A0jO

= I (AO -
(AOOT

= I(AP - A) =t(A -
A
= - 0.

O
-0 -0. skew-hermitian matrix
F



A=1 + O

↓C ↑skew herimitian
hermitian

Hence a slease materix can be expressed

in hermitan and skew

hermition matrix

Let A = R +

where R is hermitiandnd
s is skew-hermitian



RO =M sO = - s.

AO=(R + s10
=RO + so

AO = R - S. -O

A:R+ s -N

Add OP

A + AO
= CR

tA =
R =P



subtract O from

A - AO = R + 6
- R +3

A-AO = 25
O

A-A s
= 0.

=

Hence A = P + 0 is unique

=) Every sware matrix can be expressed
-.

in One and Only one way as a sun of
hermitian and skew hermitian matrix



Every speare Matrix can be expressed in

One and only one way as pt ia

where P and 8 are hermitian

So it yourself.

I show that every skew hermitian matrix.A

canbe unimely expressed
as Frid

where P-real skew symmetric

①- Real symmetric



Roof A is skew hermitian matrix

: A = -
A. -0

A = A + +-

= H(A + A) - (A
+

A =0 - 10.

where P= (A +A) 0 =, (A
- A



p =t(A +E)

p
= t(A + E)

= (t' +())

= i(A' + AY

= I (EAP' + A

= - 1-LLEC' '- A) (fromd]
=( - A - AT =

- (A +A)



p- p
-->

.
P is skew symmetric matrix.-

p = t(A +A)
8

= t(+E) = -(A +A))

= (A +A) = t(A + A)=P
O=0 =Pis real-



from 1 and N

P is real skew symmetric Matrix.

Q: (E - A)

0= t(E - A' =(IES' - AY
= ct (AP + (A%] (from$



= i)- A +((π)jy
- (- A +E) =t(A - A)

=0

0= 0.
=

tadsymmetric Matrix.

o
=(i(A - A)) = (FF-A)

- (E) - F)



=(A - E)

= iT (A - A) =0

T = 0. = 0 is rea-O

from N and 0.

⑦ is real symmetric Matrix.

A can be expressed in form of Pric
where is red skew symmetric and



⑦ is real symmetric Matrix

Now we have to prove A = P-id is

unique.
=

Let A=R - is.-
where Ris real skew

symmetric
-

A =R - is s is real symmetric

-
R+ ij R =R

I = R+ is. -
J =S.



Add and

A +F =2R

HE
=
R. =P

subtractfrom

EA =

s.
= 0.

Hence A: R - is is same as A = P-iO.
F

Hence representation is unique



Express the Matrix A = I 1+ i 2i3 I2 -33
as the sun of hermitian and

skew hermitian matrix.

A = I
1 + i 2i 3

I
of

0 28i 3i



1+ i

A
=

[6iai -1
AP =(F) =

(iii)2+ 31

3 3+4io

A + A8 =

"aesEnFao)C
- 7



21 8Isi
a sxxi

- (
83-31 g

I
iEA =

Gs+) which is hermitan



A-AO= 7+ i 5

I923by - ["CTi I
=a si

l
- 6iC

2 -5- 11 J I
i i which is skew

-i T-lpiL i 3 I hermitic
an#Ac.slukio Matix



Hence A =(tA*) +(A
I

- (ic3ski) + (i... stiri1-312-12io J
Matrix A has been exprebbed as the sum of

hermitian and skew hermitian Matrix.


